Multiplicative relations in the cohomology ring of a manifold impose constraints upon its stable systoles. Given a compact Riemannian manifold (X, g), its real homology H * (X, R) is naturally endowed with the stable norm. Briefly, if h ∈ H k (X, R) then the stable norm of h is the infimum of the Riemannian kvolumes of real cycles representing h. The stable k-systole is the minimum of the stable norm over nonzero elements in the lattice of integral classes in H k (X, R). Relying on results from the geometry of numbers due to W. Banaszczyk, and extending work by M. Gromov and J. Hebda, we prove metric-independent inequalities for products of stable systoles, where the product can be as long as the real cup length of X.
Introduction
Given a compact Riemannian manifold (X, g), its real homology H * (X, R) is naturally endowed with the stable norm. Briefly, if h ∈ H k (X, R) then the stable norm of h is the infimum of the k-volumes, defined in terms of the metric g, of real cycles representing h. The stable k-systole is the minimum of the stable norm over nonzero elements in the lattice of integral classes in H k (X, R), cf. (1.4) below.
Our goal is to explore the hidden power of the seminal calculation contained in lines 7-12, p. 262 of M. Gromov's book [23] , cf. (4.4) below. We rely on results of W. Banaszczyk [7, 8] from the geometry of numbers, which provide a bound for certain products of the successive minima of a pair of dual lattices, see (4.1) and (7.1). We thus extend the work of M. Gromov [21] and J. Hebda [24] to prove metric-independent inequalities for products of stable systoles, where the product can be as long as the real cup length of X. In particular, for the pair of stable systoles of dimension and codimension 1, we prove an optimal inequality, where the boundary case of equality is attained, e.g. by flat tori defined as quotients of the so-called dual-critical lattices of A.-M. Bergé and J. Martinet [11] .
Geometric Measure Theory provides a framework in which the existence of minimal representatives in homology classes can be proved. If h ∈ H k (X, Z) then vol k (h) (cf. Definition 1.1 below) is the minimal mass of a closed, integer-multiplicity, rectifiable k-current representing h, cf. [17, 5.1.6] . If h ∈ H k (X, R) then the stable norm (or mass norm) of h (cf. Definition 1.2 below) is the minimal mass of a closed (normal) k-current representing h.
In the cases k = 1 and k = n − 1 the transition from the Riemannian length resp. (n − 1)-volume functional to the corresponding stable norm is closely related to the process of homogenization studied in Analysis. For k = n − 1 this shows up in J. Moser's work [32, Sect. 7] , [33] , see [35, 36] for more details. It is through these remarks by J. Moser that the first-named author originally came in contact with the subject of this paper.
While the present paper studies systolic ramifications of multiplicative relations in the cohomology ring, the work [27] explores the systolic influence of Massey products.
Let X be a compact manifold of dimension n. We will now provide detailed definitions of the systolic invariants involved. A choice of a Riemannian metric g on X allows us to define the total volume vol n (g), as well as the k-volumes of k-dimensional submanifolds of X. More generally, given an integer Lipschitz chain c = i n i σ i , one defines its volume vol k (c) = Σ i |n i | vol k (σ i ).
Here the volume vol k (σ) of a Lipschitz k-simplex σ : ∆ k → X is the integral over the k-simplex ∆ k of the "volume form" of the pullback σ * (g).
Definition 1.1 The (minimal) volume,
of an integer homology class h ∈ H k (M, Z) is the infimum of vol k (c) over all integer Lipschitz cycles representing h.
Let k be an integer satisfying 1 ≤ k ≤ n. We define the k-systole sys k (g) of (X, g) as the minimum of the volumes of nonzero integer k-homology classes:
In particular, sys n (g) = vol n (g) and, formally, sys k (g) = ∞ if H k (X, Z) = 0. A good introduction to systoles is M. Berger's survey [13] , for further references see [28] , sections 2 and 3.
Replacing integer cycles by real cycles we define the stable norm as follows.
Note that is indeed a norm, cf. [18] and [23] , 4.C. We denote by
H. Federer [18] investigated the relations between h R and vol k (h) and proved:
If X is orientable and h ∈ H n−1 (X, Z), then (1.3) h R = vol n−1 (h) (see also [38] ). We define the stable k-systole stsys k (g) of (X, g) by
If X is orientable then stsys n (g) = sys n (g) = vol n (g) and (1.3) implies stsys n−1 (g) = sys n−1 (g).
Statement of main results
Assuming that the fundamental class of a compact, oriented manifold X can be written as a cup product of classes of dimensions k 1 , . . . , k m , M. Gromov proved an upper bound for the product of the stable systoles Π j stsys k j (g) in terms of the volume of X, see [21, 7.4 .C] and also [23, 4.38] . We extend this result, provide a simpler proof and analyze the dependence of the constant on the Betti numbers involved.
Theorem 2.1 Let X be a compact manifold and let k ≥ 1 be an integer such that H k (X, R) is not zero and spanned by cup products of classes of dimensions k 1 , . . . , k m , Σ j k j = k. Then, for every Riemannian metric g on X, we have
for a constant C(k) only depending on k.
Using Poincaré duality, J. Hebda [24, Proposition 6] bounds the product of the stable systoles in complementary dimensions by the volume. We generalize his result as follows: Theorem 2.2 Let X be a compact manifold and let p, q be integers, p + q ≤ dim X. Suppose there exists h ∈ H p+q (X, Z) R such that the cap product with h induces an injective map
Then, for every Riemannian metric g on X, we have
for a constant C(p, q) only depending on p and q. If our assumption is satisfied for all h ∈ H p+q (X, Z) R \ {0} then
Examples of flat tori show that an inequality of type (2.1) has to depend on the Betti number b p linearly. We do not know if in Theorem 2.1 the dependence on the Betti numbers is optimal. Explicit values for the constants C(p, q) can be computed. Unless {p, q} = {1, dim X − 1} the sharp constants C(p, q) are unknown to us. In the case {p, q} = {1, dim X − 1} we have the following sharp result (Corollary 2.3 below) that generalizes [24, Theorem A] to the case b 1 (X) > 1. Given a lattice L in euclidean space, we set
Let b ∈ N, and consider the Bergé-Martinet constant γ ′ b , see [11] , γ
where L * is the lattice dual to L. Thus, the constant γ ′ b is bounded above by the Hermite constant γ b , cf. e.g. [30] , p. 334, and satisfies γ (
cf. e.g. [30] , pp. 334 and 337. Corollary 2.3 Let X be a compact, orientable manifold, dim X = n, with positive first Betti number b = b 1 (X). Then, for every Riemannian metric g on X, we have
n . These inequalities can be seen as analogues of the optimal inequalities of C. Loewner, P. Pu [34] , and C. Bavard [10] , and as generalizations of the results of R. Accola [1] and C. Blatter [14] (cf. [13] , p. 290) in dimension 2. A relative version of Corollary 2.3 is studied in [4] .
Note that we have examples X with equality in Corollary 2.3 only if dim X = n ≥ b = dim H 1 (X, R). If we fix n = dim X there might exist a better estimate, maybe even one independent of b. In particular we ask, see also [21] , 7.4.C: Question 2.4 Does there exist a constant C such that
for all 3-dimensional, compact, orientable, Riemannian manifolds (X, g)?
The manifolds (X, g) for which equality holds in Corollary 2.3 will be investigated in [9] . In the case b 1 (X) = 1, J. Hebda [24, Theorem A] proved that one has equality stsys 1 (g) sys n−1 (g) = vol n (g) if and only if X admits a Riemannian submersion F : X → S 1 onto a circle, such that all fibers F −1 (s), s ∈ S 1 , are minimal hypersurfaces in X.
Consider a b-dimensional normed real vector space (V, ) and a lattice L ⊆ V , in particular rk(L) = b. For 1 ≤ i ≤ b we define the i-th successive minimum λ i (L, ) as the minimal λ > 0 for which there exist i linearly independent vectors in L of norm smaller than or equal to λ. Now let n = 2p, and consider the
where * is the Hodge star operator of the metric g. Consider also the conformally invariant norm * L 2 in H p dR (X) defined by taking the infimum, over all representatives ω, of the quantity
where ω x is the pointwise comass. Let L 2 be the dual norm in homology, cf. (7.4) below. We introduce the conformal invariant
Note that [26] studies lower bounds for the quantity sup g conf 2 (g) for 4-manifolds (X, g), where X is the blowup of the complex projective plane, the bound being polynomial of order n 1 4 in the number n of blown-up points. Whether or not such lower bounds exist for the stable 2-systole is unknown. Question 2.6 Does there exist a constant C such that
Note that this is so in the case of a definite intersection form, cf. [26] , (3.5) .
For the first stable systole M. Gromov proved
if g is a Riemannian metric on a compact Riemannian manifold X such that b 1 (X) = n = dim X, for which there are classes α 1 , . . . , α n ∈ 
we have
for a constant C(n) only depending on n.
It is a natural question whether similar inequalities exist if one replaces the stable systoles by systoles. The most prominent example is Gromov's [22, 3.C 1 ] systolic inequality
which holds for all Riemannian metrics on compact n-dimensional manifolds X of cuplength n, i.e. if for some field F there are classes α 1 , . . . , α n ∈ H 1 (X, F ) such that α 1 ∪ . . . ∪ α n = 0. See (7.6) below for a refined inequality of this type for surfaces.
For k-systoles with k ≥ 2, however, systolic freedom tends to prevail, i.e. there are many examples where inequalities as in Theorem 2.1 and Theorem 2.2 are not true if one replaces stable systoles by systoles. Based on examples by M. Gromov [22, 4. A 5 ], see also section 6 of M. Berger's survey article [13] , this phenomenon has been studied by I. Babenko, A. Suciu and the second author, cf. [5] , [6] , [23, Appendix D] , [3] , [28, 29] and [25] . Finally there is the striking example by M. Freedman [19] of a sequence of Riemannian metrics g j on S
1 ×S 2 such that lim j vol 3 (g j ) = 0 while length(γ) area(Σ) ≥ 1 (for all j) whenever γ is a noncontractible loop in X and Σ ⊂ X is a closed surface which is not nullhomologous with coefficients in Z/2Z.
Some topological preliminaries are presented in section 3. The inequality of W. Banaszczyk, a crucial ingredient in our technique, appears in section 4, together with the proof of Theorem 2.1. Theorem 2.2 is proved in section 5, Corollary 2.3 in section 6, Corollary 2.5 in section 7, and Theorem 2.7 in section 8.
Some topological preliminaries
In this section we collect some facts from homology theory that will be used in the sequel.
For a compact manifold X we consider the homology modules derived from the singular (co-)chain complexes with Z-or R-coefficients. We assume that the singular simplices are Lipschitz. Since we will often use results that are actually proved for the (continuous) singular or the C ∞ -singular (co-)homology theories we note that these are naturally isomorphic to the ones based on Lipschitz simplices. The bilinear pairing (Kronecker product) between homology and cohomology will be denoted by [ , ] , cup products by ∪ and cap products by ∩. By de Rham's Theorem, see e.g. [37, 5.45 ], the singular cohomology algebra H * (X, R) is naturally isomorphic to the de Rham cohomology algebra H * dR (X). In de Rham theory the cup product is defined by the wedge product of closed forms representing the cohomology classes. The (nondegenerate) bilinear pairing with real homology is given by integrating representing forms over representing Lipschitz cycles, cf. [37, 4.17] . More specifically, the map ι * : H * (X, Z) → H * (X, R), h → h R is defined by inclusion on the level of chains. The map ι * :
, α → α R corresponds to the natural extension of a cochain c ∈ Hom(C(X, Z), Z) to a cochain in Hom(C(X, R), R). According to the universal coefficient theorem in homology, cf. [20, 29.12] , the image
Proof: By naturality mentioned in Remark 3.1 above, we have
. By the surjectivity result [20, 23.9 ] for a PID coefficient ring, there exists
Thus the set of de Rham classes α ∈ H * dR (X), that are represented by closed forms whose integrals over integer cycles are integers, coincides with Im(ι * ). These classes will henceforth be called integer classes.
If X is a compact, oriented manifold, dim X = n, then the Poincaré duality isomorphism
where ξ denotes the fundamental class of X. Since the corresponding map PD :
is an isomorphism, cf. [20, 26.6] , we see that PD R induces an isomorphism between H p (X, Z) R and H n−p (X, Z) R . In particular, Lemma 3.2 and the preceding argument show that a de Rham class α ∈ H p dR (X) is an integer class if [PD R (α), β] ∈ Z for all integer classes β ∈ H n−p dR (X). This fact was introduced as a hypothesis in [12] , p. 253, and named a "dual lattice condition" in [24] , p. 344. The preceding discussion shows that this condition is always satisfied. The following result by W. Banaszczyk [8] is a crucial ingredient in the proof of Theorem 2.1.
) denote the minimal λ > 0 for which there exist i linearly independent vectors in L of norm smaller than or equal to λ. Let L * denote the lattice dual to L in the dual space V * and let * denote the norm dual to . Corollary 2 in [8] implies: There exists a constant C > 0 such that
whenever b ∈ N, i ∈ {1, . . . , b} and L is a lattice in a b-dimensional normed space (V, ).
In our application of this result V will be H p (X, R), L will be H p (X, Z) R and will be the stable norm on H p (X, R). 
Example 4.1 For a flat torus (T n , g) the calculation of the stable norm and the comass norm reduces to the calculation of the corresponding pointwise quantities, cf. the work [31] by H.B. Lawson, in particular Corollary 4.4. If we normalize g so that vol n (g) = 1, and represent (T n , g) as the quotient of euclidean space R n by a lattice L, then the standard isomorphisms
n convert the stable norm on H p (T n , R) into the "mass norm" on Λ p R n (induced by the euclidean structure on R n ), and the comass norm on H p (T n , R) into the comass norm on Λ p R n . The cases p = 1 and p = n − 1 are particularly simple, since then the mass and comass norms on Λ 1 R n ≃ Λ n−1 R n ≃ R n coincide with the euclidean norm. Moreover the lattices
to L resp. L * under these isomorphisms. The cases 1 < p < n − 1 are considerably more complicated, see [31] .
We are now in a position to prove our first theorem.
Proof of Theorem 2.1: For notational reasons we present the proof for the case that H k (X, R) is non-zero, and is spanned by cup products of classes of dimensions j and l, with j + l = k. The generalization to more factors is obvious. Since
By assumption H k (X, R) is spanned by the cup products α s ∪ β t , 1 ≤ s ≤ b j and 1 ≤ t ≤ b l . Hence there exist indices s and t such that [h, α s ∪ β t ] = a = 0.
According to Remark 3.1, we have a ∈ Z. Now we complete the proof by a calculation analogous to Gromov's calculation in [ 
Since H p (X, Z) R is the lattice dual to H p (X, Z) R by Lemma 3.2, we can use Banaszczyk's inequality (4.1) to conclude
This is the claim of Theorem 2.1 in the case m = 2. For arbitrary m ≥ 2 we obtain the constant
in this inequality.
Inequalities based on cap products and Poincaré duality
In this section we prove Theorem 2.2. The proof of our Theorem 2.1 was based on Banaszczyk's inequality (4.1) applied to the stable norm. For Euclidean norms, Banaszczyk proved a sharper estimate which is linear in the dimension, cf. (7.1) below. Much older, linear estimates for the Hermite constant itself were already mentioned above, cf. (2.2) and (2.3). Replacing the stable norm by the L 2 -norm, J. Hebda [24] was able to apply such estimates in complementary dimensions: if vol n (g) is normalized to one, then the L 2 -norm on forms is bounded above by (a constant times) the comass norm and consequently the stable norm is bounded above by (a constant times) the dual L 2 -norm. A simple estimate shows that the stable norm of the Poincaré dual of a cohomology class is bounded above by (a constant times) its L 2 -norm. Putting these facts together we see that every inequality of type (4.1) leads to a systolic inequality in complementary dimensions. In Theorem 2.2 we generalize this procedure, by replacing the fundamental cycle used in Poincaré duality by a cycle of arbitrary dimension.
First we discuss a generalization of the L 2 -norm that is appropriate in this context. We stay in the well-known realm of Lipschitz cycles, although at some points the presentation would be more elegant if we used closed currents of finite mass.
If z = Σ i r i σ i is a real Lipschitz (p + q)-cycle in the compact Riemannian manifold (X, g), we define a positive semidefinite, symmetric bilinear form , L 2 (z) on the space of p-forms as follows. Let g i = σ * i g denote the pull-back of g by the Lipschitz simplex σ i . So g i is a positive semidefinite, symmetric (0,2)-tensor field that is bounded, measurable and defined almost everywhere on the standard (p+q)-simplex ∆ p+q . Let , g i denote the bilinear form induced by g i on the bundle of alternating p-tensors over ∆ p+q . Let d vol g i denote the "volume element" induced by g i on ∆
p+q , in particular
More generally, if π is an additional q-form, we can estimate
Obviously, we can interchange the roles of ω and π in this inequality. If p + q < n = dim X, there will be many p-forms ω such that the support of ω is disjoint from all σ i (∆ p+q ), and hence ω, ω L 2 (z) = 0. However, under appropriate homological conditions on z the semidefinite form , L 2 (z) induces a scalar product on H p (X, R).
If z is a Lipschitz cycle representing h, then there exists a scalar product on
Proof: The form , L 2 (z) on the space Z p (X) of closed p-forms descends to a scalar product , L 2 (z) on Z p (X)/N, where
It follows from [20, 24.19] 
Arguing in the completion of (Z p (X)/N, , L 2 (z) ) and using the fact that
is finitedimensional, one can easily complete the proof.
We are now in a position to prove our second theorem. Theorem 2.2 Let X be a compact manifold and let p, q be integers, p + q ≤ dim X. Suppose there exists h ∈ H p+q (X, Z) R such that the cap product with h induces an injective map
Proof of Theorem 2.2: Let z be a Lipschitz cycle representing h. By the preceding lemma we can consider the scalar product
since the stable norm and the comass norm * are dual to each other and 
Using (5.4) and (5.5) we conclude
Since h ∩ α = 0 by assumption and h ∩ α ∈ H q (X, Z) R by Remark 3.1 we conclude
Together with (2.2) this proves Theorem 2.2.
Remark 5.2 In [24] , Proposition 6, J. Hebda essentially proved Theorem 2.2 in the case n = p + q. Indeed, his arguments imply that
for every Riemannian metric g on a compact, orientable manifold X with b = b p (X) > 0. Theorem 2.2, however, can be applied in many situations that are not covered by [24, Proposition 6] . In general, the resulting inequality will be sharper than the inequality provided by Theorem 2.1. We give a simple example. We choose integers p ≥ 1, q ≥ 1 and m with m > p + q and apply (5.6) to the manifold
, we obtain
for every metric g on X = T p+q × S m . Here, the dependence on
is quadratic, while the inequality following from the proof of Theorem 2.1 is
where C is the universal constant in Banaszczyk's inequality (4.1).
A sharp inequality in codimension 1
We apply the arguments of section 5 to a fundamental cycle h = ξ R ∈ H n (X, Z) R of X.
Corollary 2.3 Let X be a compact, orientable manifold, dim X = n, with positive first Betti number b = b 1 (X). Then, for every Riemannian metric g on X, we have
Equality is attained for a flat torus
Proof of Corollary 2.3: Since p = 1, q = n − 1 we can replace the factors 
There exist lattices L in b-dimensional euclidean space such that
cf. [11] . Consider the corresponding flat torus (T b , g). Then Example 4.1 shows that for such tori equality holds in (6.1).
The boundary case of equality in this optimal inequality will be studied in [9] .
A conformally invariant inequality in the middle dimension
Instead of using the constant γ ′ b together with inequality (2.2) in the proof of Theorem 2.2, we can also employ the following estimate by W. Banaszczyk [7] , Theorem 2.1, in the case i = b:
If L is a lattice in b-dimensional euclidean space (with the standard innner product norm) and i ∈ {1, . . . , b}, then
Specialized to the case p + q = n, h = ξ R , the proof of Theorem 2.2, combined with (7.1), leads to the estimate
In the case of middle dimension p = n 2 a similar argument leads to a conformally invariant estimate, cf. [21, 7.4 .A]. This case is special in the following sense: the L 2 -norms of p-forms ω
and
are invariant under conformal changes of the metric g. They induce respectively the usual
, for which the harmonic forms are minimizing representatives of the cohomology classes, and a norm *
We also consider the conformally invariant dual norms on
It is not difficult to prove that
, we introduce the conformal invariant
Note that (7.4) implies that
for every pair g ′ , g of conformal Riemannian metrics. However, it can happen that
This can be seen by comparing Gromov's universal upper bound contained in inequality (+) of [22, 2.C] for the 1-systole to the lower bound for conf 1 of surfaces which follows from the work by P. Buser and P. Sarnak [15] . Indeed, Gromov asserts the existence of a universal constant C such that
whenever g is a Riemannian metric on a closed, orientable surface of genus γ ≥ 2, cf. (2.5) above. On the other hand [15, 1.13] states that the supremum of conf 1 (g) 2 over all Riemannian metrics on a closed, orientable surface of genus γ is bounded below by c log(γ) for some universal constant c > 0. Thus, a priori, an upper bound for conf p (g) as given in Corollary 2.5 is stronger than the same upper bound for stsys p (g) vol n (g)
2 , cf. also [26] .
Proof of Corollary 2.5: Note that the map
is an isometry. Indeed, if α ∈ H p (X, R) and if ω is the harmonic p-form representing α, then
b by Banaszczyk's inequality (7.1). Now (7.3) implies our claim.
One can also apply inequality (7.2) in the opposite direction:
Corollary 7.1 Let X be a compact, orientable manifold of dimension n = 2p, with b p (X) > 0. For D > 0 let G D denote the set of Riemannian metrics g on X such that vol n (g) ≤ D and stsys p (g) ≥ D −1 . Then the set of flat Finsler metrics defined by the stable norms of metrics g ∈ G D on the Jacobian torus H p (X, R)/H p (X, Z) R is contained in a compact part of the set of all flat Finsler metrics on the Jacobian torus.
Proof: First we will prove the existence of a basis of H p (X, Z) R whose elements have stable norm bounded by some function of D, p and b p (X). We use Banaszczyk's inequality (4.1) in the case i = b = b p (X) for the stable norm on L = H p (X, Z) R and the comass norm
where λ i = λ i (H p (X, Z) R , ), and λ * i = λ i (H p (X, Z) R , * ). If α ∈ H p (X, Z) R and α * = λ * 1 then (5.3) and (5.5) imply
and hence stsys p (g) ≤ n p vol n (g)λ *
1 .
Since stsys p (g) = λ 1 , we can use (7.7) to conclude where vol b denotes the usual Lebesgue measure on R b . Now our claim follows from the fact that for fixed numbers D and E > 0 the set of convex bodies in R b satisfying (7.10) and (7.11) is compact with respect to the Hausdorff metric. for every Riemannian metric g on X. Using Poincaré duality as in Theorem 2.2 we can improve this estimate to sublinear dependence on the Betti number b = b p (X).
Theorem 2.7 Let X be a compact, orientable manifold, of dimension n = kp. Suppose there are classes β 1 , . . . , β k ∈ H p (X, R) such that β 1 ∪ . . . ∪ β k = 0. Then, for every Riemannian metric g on X, we have
Proof of Theorem 2.7: We start by choosing linearly independent classes α 1 , . . . , α b in H p (X, Z) R such that α i * ≤ λ * b = λ b (H p (X, Z) R , * ). Our hypothesis implies that there exist indices i 1 , . . . , i k in {1, . . . , b} such that
We may assume that X is connected and oriented. Let h ∈ H p (X, Z) R \ {0} denote the Poincaré dual of α i 1 ∪ . . . ∪ α i k−1 . Let ω 1 , . . . , ω b be pforms representing α 1 , . . . , α b , and let ω be an arbitrary closed p-form representing some α ∈ H p (X, R). Then k−1 vol n (X).
